
56 

Analysis and Design of Complex Control Systems 
· - Heterogeneous Model Methods 

S. G. Cao, N. W. Rees, G. Feng and C.M. Cheng 
Department of Systems and Control 

School of Electrical Engineering 
University of New South Wales 
Sydney 2052, N.S. W., Australia 

Abstract 

This paper presents a new type of analysis and design method for nonlinear control systems .. A new kind of s y s t e m  model 
called an heterogeneous model is proposed. From the viewpoint of knowledge representatton this model unifies fuzzy 
system models and nonlinear system models; so we can use a common theory a.nd method to a n a l y s e  both systems. An 
identification method is given to identify this heterogeneous model. A method is d e v e l o p e d  to design a control system 
based on the heterogeneous model. The method first uses linear system theory to design a controller for every local 
model, then checks the stability of the global control system. An example is given to illustrate the application of the 
method. 

1. Introduction 
Much control theory is based on linear models. This 

works very well for steady regulation at a fixed operating 
point. This means that in most cases we can find a 
controller to control the system (even a complex system, 
for example, a nonlinear system with incomplete 
knowledge.) successfully in the local region. To make a 
control system that can operate over wide regions is more 
difficult. There are several methods that have been 
proposed to control a complex system over a global 
region. 
1. Linear feedback control can be combined with logic to 

switch between several linear feedback laws. Systems of 
this type are common in industry, where their design is 
based on engineering experience combined with extensive 
simulation. The advantage of these methods is that linear 
control theory is well developed, so we can use many easy 
algorithms and software packages to get a linear system 
model and a good local control law. A disadvantage of 
these methods is that the controller produces a 
discontinuity of controller output and hence a 
discontinuity in the description of the system behaviour. 
Also there is no global stability criterion to guarantee that 
all the local control laws combined together can produce a 
globally stable closed-loop system. 

2. Nonlinear system theory can sometimes be used to 
analyse and control the complex system if a model of the 
system can be established. Unfortunately, in most cases a 
global model of the complex system is very difficult to 
build, and even when a model is available, the conditions 
for obtaining a good controller are restrictive because of 
the complexity of the system. 

Australian ]ounflll of InteUigent Infonnlltion Processing Systems 

3. Fuzzy logic control and neural network methods [8, 5, 
6] are other approaches that deal with the control of 
complex systems, especially in the presence of incomplete 
knowledge of the plant or even of the precise control 
action appropriate to a given situation. The advantage of 
these methods is that they can describe and model the 
qualitative knowledge about a dynamic system. The 
disadvantage is that the local models of the system on a 
local region are oversimple, in most cases just a constant, 
so a large number of rules are needed to construct the 
global model ofthe system with reasonable accuracy. 

From the above discussion a very natural idea can be 
proposed, "Is it possible to develop a kind of model for a 
complex system such that in every local region the 
dynamic behaviour of the complex model can be described 
by a local analysis model. Then the global model is just 
the smooth composition of local models with some basis 
functions, for example, fuzzy set membership functions?" 
In this paper this kind of model is proposed and an 
identification method is given to determine the model. 
The model is called an heterogeneous model and is 
similar to the heterogeneous controller proposed by 
Kuipers and Astrom [4]. 

After the model is obtained, we can use well-established 
design methods in linear system theory and nonlinear 
system theory to get local controllers, then, we can check 
the stability of the global system by the methods developed 
in this paper. 

The model proposed in this paper unifies fuzzy system 
modelling and nonlinear system modelling and thus we 
are able to use the same theory and methods to analyse 
both systems. 

This paper is organised as follows. Section 2 discusses 
the heterogeneous model. Section 3 gives a method to get 
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the model. Section · 4 proposes a controller design method 
based on every local model in the heterogeneous model. 
Section 5 gives an example to show how the method 
works. Finally, we conclude with some brief remarks in 
Section 6. 

2. Heterogeneous model 
We use the following model to represent a complex 

single-input single-output system 
m 

y(t+1)= Lfi(z(t))J.L1(z(t)) (2.1) 
1=1 

m 

Lilt= 1,0 ~ ).!1 ~ 1,/ = l,2,m 
1=1 

where fr ( z) is a map defined on a local region A in the 
operating space of the system and is called the local 
analysis model (LAM) on a local region A. Jl1(z) is 
defined on the global operating space of the system and is 
called the characteristic basis function (CBF) and 

z(t) = (y(t), ... , y(t- n + 1), 

u(t), ... ,u(t- n + 1), z[(t), ... ,z~(t)) 

where z; , ... , z~ are measurable variables other than the 
input and output variables. In this paper the LAM is either 
of linear function form or polynomial function form. For 
example, the linear form is 

.fi(z(t)) = d1 +a(y(t)+ ... +a~y(t-n+ 1) 
(2.2) 

+b{u(t)+ ... +b~u(t-n+ 1) 

Because model (2.1) is the composition of the different 
classes of LAMs, we call it an input-output heterogeneous 
model of the complex system. 
In what follows we will also use the following state space 

heterogeneous model 
·nf 

x{t+1)= L.fl(x(t),u(t))J.L1(z(t)) (2.3a) 
i=l 

m 

y(t)= L,.H1(x(t),u(t)))l1(z(t)) (2.3b) 
1=1 

where Fi and H1 are the LAM's on a local region. 
Models (2.1) and (2.3) include a lot of models proposed 

in the control literature such as, the following fuzzy 
models [1-3, 7]. These models include both approximation 
inference rules and local analytical models as follows. 

R1
: IF z1 is A{ AND .... Z;;- is A~ 

TIIEN 
y1(t+1) = d 1 +a{y(t)+ ... +a~y(t-n+1) 

+b{u(t)+ ... +b~u(t-n+ 1) 

l=1,2, ...... ,m n=2n+q (2.4) 

where R1 denotes the 1-th approximation inference rule. 
m is the number of approximation inference rules. 
y1 (t + 1) is the output from the 1-th implication. The final 
output of the system is inferred by taking the weighted 
average of the y1(t+1)'s. The fuzzy model (2.4) can be 

written in functional form as in [1] 
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m 

y(t+1) = LY1(t+ 1))l1(z(t)) (2.5) 
1=1 

where J.L1(z(t)) is the membership function of the fuzzy 
2n 

set A1
• A1 = IJ A/. If we use a no~alized membership 

i=l 

function; model (2.5) has the form (2.1 ). If the yJ's are 
constants in (2.5) we obtain the conventional fuzzy model. 
Likewise if the CBFs in (2.1) are radial basis functions 
and fr are constants, we get a type of neural network 
model of the system. 

If l = 1, and J.11(z(t)) = 1 on the global region, we 
obtain the nonlinear model of the complex system 

y(t+ 1) = ft (z(t)) (2.6) 
and if we approximate the nonlinear system (2.6) by one 
family of LAMs and combine these LAMs by CBFs, we 
also obtain the model (2.1 ). 
Thus, it can be seen that the model (2.1) can be 

considered from two extreme viewpoints. One is as a 
fuzzy model and the other as a nonlinear system model. 
Choosing different LAMs and CBFs, we can get different 
model representations for the complex system. Which 
LAMs and CBFs are appropriate depend on how much 
knowledge one has about the system. This can be 
represented by 
fi =d'·lll =mf get knowledge 1 model(2.l) get all knowledge J 
FSM HM NSM 
little knowledge part knowledge all knowledge 

(2.7) 
where d 1 are constants, mf = membership function, FSM 
= fuzzy system model, HM = heterogeneous model, NSM 
= nonlinear system model. 

Thus, it can be seen from (2.7) that fuzzy models and 
nonlinear system models correspond to two extreme cases, 
in most cases the control systems belong in between to the 
HM. Thus the main purpose of the paper is to develop .a 
theo~ for the HM representation of a complex system. 

In the following discussion we consider the LAMs to be 
linear systems, so the state space heterogeneous model 
(2.3) can be denoted by the following global state space 
form (Cao and Rees, 1995), 

x(t + 1) = F(Jl,t)x(t) + G(J.L,t)u(t) (2.8a) 
y(t) = H(J.L, t)x(t) (2.8b) 

m m m 

F(J.!,t)= Llll.f/ G(J.L,t) = LflPI H(J.L,t) = LJ.!tHI 
/=1 /=1 1=1 

The input-output HM (2.1) can also be denoted by the 
following HM whose LAMs are linear systems, 

n n 

y(t+l) = L -a1(J.L(t))y(t-i+l)+ Lb;(Jl(t))u(t-i+l) 
~I i=l 

(2.9) 
L L 

a;(J.L(t)) = L,.a/)l/z(t)), b1(J.L{t)) = L,.b/J.Li(z(t)) 
j=l j=l 
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HM (2.9) can be considered a linear system over a ring of 
functions of J.L{t). We. discuss equations (2.8) and (2.9) 
and their relationship in more detail in Appendix 1. 

3. Identification of the Heterogeneous 
model 

Here we use the following polynomial function to 
denote J/ Cx(t)), 

n n . n 

J/ = a6 + :La!x;(t)+ LLaftx;(t)xt(t) +......... (3.1) 
i=l i=l k=l 

where 
x(t) = (y(t), ..... , y(t- p + 1), u(t), .. ... , u(t- p + 1)), 
n = 2p. (3.2) 
Model (3.1) considers the more general case, and it 

includes the linear model in the above equation and the 
polynomial system. The HM is 

m . 
y(t+ 1) = LY1(t+ 1)J.11(z(t)) (3.3) 

1=1 

The identification algorithm of HM should include: 
1) The choice of rules, that is, select minimum number 

of LAMs to represent HM. 
2) The determination of parameters in the CBFs, which 

correspond to the learning method of the CBFs. 
3) Structure selection and parameter identification of 

the polynomial model (3.1). 
In our method the structure selection of the polynomial 

model and the determination of the number of LAM's are 
considered together to minimize the prediction error 
between the output of the system and the output of HM 
(3.3). 

First, rewrite the HM (3.3) as: 
M 

y(t) =I, v;(t, w)a; (3.4) 
i=l 

where V;(t, w) is the product of J.l in the CBF and a · 

certain monomial of Ji(x(t)), for example, 
v;(t,w)=Jli(t)y(t-1)u(t-1); a; istheparameterof the 
polynomial model (we still use a; to denote the one term 

of aft); w are parameters of CBF J.l. Because V;(t, w) 
depends on .X(t) and J.L, V;(t, w) is a function of t, w. 
M is the number of all terms in (3.1). 

The structure identification problem of HM (3.3) means 
that the most significant terms from a set of candidates are 
selected to describe y(t). If a certain monomial of the 
polynomial is not selected, this indicates the term has no 
effect on the HM (3.3). If J.L i is not selected, this means 
the LAM has no effect on HM model (3.3). 

Thus, we can choose many LAMs and monomials of 
polynomial, then through the following selection 
algorithm we can get the rules and the monomials that 
have the most effect on the HM representation. 

Let us choose a set of V that include enough LAMs and 
monomials of polynomials. The number of terms in V is 
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denoted by q. Suppose i\, v2 , ••• vk E V have been 
selected in the model and denoted by, 

Rk=[v"v2 , ... vk1 (3.5) 
il; = [ii;(l, w), ii;(2, w), .... , v;(N, w)f 

For each remainder term v;, i = 1, 2, ..... , q- k, the part 
that can be represented by the k selected terms is 

A;= Rk(R/ Rk)-1 Rkv; (3.6) 
which is the projection of the v; on the linear space 
spanned by Rk . The innovation provided by each v; is, 

e; = v; -A; (3.7) 
The square which Y = [y(l), ....... ,y(N)]r projects on e; 
is, 

N N 

Q; = (Le;(t)y(t)i I C'I,e/(t)) (3.8) 
t=l 1=1 

The magnitude of Q; reflects the effect of v; on the 
approximating representation of y(t). As Q; is large, the 
representation y(t) by using v; become more significant. 
So, the structure selection algorithm is, 

1) Select terms in the remainder terms v; 
i = 1, 2, ... q- k which make Q; maximum. 

2) Check the fitting accuracy by the following F-
verification and BIC criteria. If the new selected term is 
significant in fitting accuracy, then, select it otherwise 
remove it. 

F= 1 (ELEk_i-E[Ek) 
N-k-1 EkEk 

B!Ck = log(E[E[)+(k+l)log(N) 
where E=(e(1),e(2), ...... ,e(N)l, Ek is the value of E 
at k-th selecting step. 

3) Repeat the above procedures, until there is no 
further term to be selected or removed, or all q terms are 
selected. 

From the above structure selection algorithm we can 
see that the prediction errors need to be calculated at each 
step, which can be got from the following parameter 
identification method. 

Suppose the following model has been selected in the 
above structure algorithm, 

.Y<r> = vr cr. w)a (3.9) 
where y(t), v, w,a denote the predication of y(t), V, W 

and a respectively. 
The task of parameter estimation is to determine w' a 

minimising the following criterion, 
J(w,a> = llr -«~><w>all2 (3.10) 

where, 
Y = (y(l),y(2), ...... ,y(N))r (3.11) 

[

v0 (l,w),v1(l,w), .......... ,vM(l,w) I 
A v0 (2, w),v1(2,w), .. .. .... . ,vM(2,w) 

«l>(w)= 

v0(N, w), v1(N, w), ....... , vM(N, w) 

(3.12) 
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Assumption 1: The matrix <l>(w) has constant rank r, for 
\tw en c R."2 • where n2 is the number of parameters in 
the membership function, Q is the open set in Rn2 

• 

Define the projection operator as, 
P<l>(w) = <l>(w)<l>(wt (3.13) 

<I>( w t is the pseudo in verse of <I>( w) and is the 
orthogonal projection operator on the linear space 
spanned by the column vectors of <I>( w). The orthogonal 
complement of P<l> ( w) is, 

P,;\w)=l-P<l>(w) (3.14) 
For any w E Q, the least squares solution of equation 
(3.10) for a is, 

;t = <I>+(w)Y (3.15) 
Substituting the above form into equation (3.10), we get, 

J(w,a) = I!Pi1Cw)YII
2 

= J2 (w) (3.16) 

If we can choose w * to minimise 12 ( w), then 
substituting this into equation (3.15) gives a:. The 
following theorem guarantees that a· and w * obtained 
by using the above approach are also the minimum points 
of the performance index J(w,G.). 

Theorem 3.1: Given the performance index J(w,G.) 
with ] 2 ( w) obtained by (3.15) and (3.16), if Assumption 
I is true, we have that if w * is a minimum point of 
]2 ( w) in the open set n, and a· is given by (3.15), then 
ea·, w*) is also a local minimum point of J(w,G.) in 
the open set n. 
Proof of this Theorem is given in [1]. 

Remark 3.1: From theorem 3.1 we know that 
parameter estimation of the fuzzy model can be divided 
into two steps. a: can be obtained by the least squares 
method which is a linear problem. Determining w • is a 
nonlinear optimum problem. 
Remark 3.2 : The minimum point w· of 12 

corresponds to selecting the shape of CBF Jl such that 
the LAM's are well clustered. Criteria 12 can be 
considered a kind of cluster criteria based on the dynamic 
properties of the system, because it makes the predicting 
error between the system and the model a minimum. 

We use the variable metric algorithm in nonlinear 
programming to get w*. Its recursive form is, 

w(k +I)= w(k)+A.kS(k)DJ2 (w(k)) (3.17) 
where S(k) is the approximate Hessian of 12 and Ak is 
the optimal revised step size obtained by a one 
dimensional search. 

Combining the above structure selection algorithm with 
the parameter estimation method , the whole identification 
method of HM is, 
(1) In the k-th step, select Rk and calculate Qk for the 

remaining terms v;, i = 1, 2, ..... , q- k. 
(2) Select the term which maximises the Qk . The term 

is denoted by V max. 
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(5) Calculate the estimation error e, F-verification 
criteria F(k+l) and BIC(k+l). 
(6) If BIC(k+l) < BIC(k) and F(k+l) > f'o.w the Vmax 

is selected into the model, otherwise not selected. 
(7) Remove the terms which have already been selected 

into the model one by one, and get (it' w*) from (3.15) 
and (3.17). 
(8) Calculate the estimation error e, F-verification 

criteria F(k+l,j) and BIC(k+l,j),j=1,2, .... ,k+l. 
(9) Select the term which has minimum value among 

F(k+1,j) and maximum value among BIC(k+l,j) and 
denote by F(k+l)' and BIC(k+l)'. If BIC(k+l)' > BIC(K) 
or F(k+l)' < f'o.05, remove this term from the model. 

(10) If a term which is just selected into the model is 
removed or all terms have been selected, then end the 
algorithm otherwise k=k+1 and go to (1). 

4. State feedback control 

4.1 Controller design 
It is assumed that the fuzzy system to be controlled can 

be described by a state space HM (2.8). The state feedback 
control law to be considered has the form, 

u(t)=-Kkx(t)+g(r(t)-D) (4.1) 
where, Kk is the feedback gain matrix and k corresponds 

to local region A k whose CBF is of maximum value 
among ~1 .l = 1,2, ... ,m, at time t, i.e. 
k = argmax(~1 .i = l, ..... m), g is the feedforward gain and 

I 

r(t) is a reference input. Control law (4.1) corresponds to 
the following fuzzy controller, 

IF z1 is A1k AND . ... z2n is ~n 
THEN u(t)=-Kkx+g(r(t)-D) (4.2) 

The meaning of control law (4.1) is that if the k-th 
subsystem is fired at time t ( i.e. Ilk has the maximum 
value among Jlpl = 1,2, ... ,m ), the control law uses 
feedback gain Kk which is designed based on the k-th 
subsystem. Thus, using the above control law we can 
divide a complex control design problem into a series of 
simple subproblems, that is, first, we design a controller 
for every linear subsystem using the methods in linear 
control theory, then, we use switching control law (4.2) to 
get a global control law. 
Substituting (4.1) into (2.8) yields a closed-loop system 

described by the following state space global model, 

where 

m 
x(t+ 1) = <L~1A;k)x(t)+G(~.t)gr(t) (4.3a) 

1=1 

y(t)=H(~,t)x(t) (4.3b) 

Alk = Fi - GIKk 
r(t)= r(t)-D 

(4.4) 
(4.5) 

4.2 Stability analysis 
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To proceed, we define the mean matrix of 
A1k l = 1,2, ..... ,m as follows 

l m m_ 
Ao =-IIA/k <4.6) 

m·m 1=1 k=1 

or define one of the A11 , l = 1, 2, ..... , m, for example, 

Aii as the Ao. 
If Ao is Schur stable (i.e., all eigenvalues of Ao have 
magnitude less than one), then there exists 11 > 0 and a 
symmetric positive definite matrix P which is the unique 
solution of the Lyapunov equation, 

1\fP Ao- P +T)l = 0 (4.7) 
Let A(X) denote any eigenvalue of the matrix X, and 

IIXII2 denote its spectral norm, i.e. max~JA;(Xrx)J. 
I 

The following theorem establishes the stability 
conditions for the closed-loop system (4.3). It is derived by 
using Lyapunov stability theory. 

Theorem 4.1: The fuzzy system in (4.3) is asymptotically 
stable if Ao is Schur stable and 

m 

~~~lltt;k -Aoll2 < <IIAoll~ + ll~b )"2 -11Aoll2 (4.8) 

k = 1,2, ...... ,m 
Proof: See Appendix 2. 

Remark 4.1: Because the subsystems of the fuzzy system 
(4.3) are interacting with each other, the fact that every 
subsystem is asymptotically stable (i.e. local 
asymptotically stable) does not mean that the whole fuzzy 
system (4.3) is asymptotically stable (i.e. global 
asymptotically stable). Theorem 4.1 gives a globally 
asymptotically stable condition, which requires that the 
degree of interaction among the subsystems and the 
difference between the subsystems must satisfy the 
inequality ( 4.8). 
Remark 4.2: Theorem 4.1 gives a stability region in the 

parameter space J..ll' 1=1,2 ... m, and this region is defined 
by the inequality in (4.8). It also gives a criterion for the 
membership functions to guarantee the globally 
asymptotical stability of the fuzzy system in (4.3). From 
this theorem, it can be seen that the stability constraint on 
one membership function of a subsystem is also dependent 
on the membership functions of other subsystems. 
Remark 4.3: Theorem 4.1 also gives the existence 

condition of the common positive definite matrix P. The 
meaning of condition (4.8) is that in order to find a 
common positive definite matrix P, the norm difference of 
the closed-loop subsystems must be small enough. 

Let 
A0 = max<JJA;t -~JJ2 ,l,k = 1,2, ..... ,m) 

We can get the following more compact result. 
m 

Corollary 4.1: If L~l = 1, The fuzzy system in (4.3) is 
1=1 

asymptotically stable if Ao is Schur stable and 
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Similar to the control law (4.2), the following fuzzy 
control law can also be used, 

u(t) =-K(J.l(t))x(t) + g(r(t)- D) (4.10) 
where 

m 

K(J.l{t))= LJ.ll(t)K[. (4.11) 
1=1 

Substituting ( 4.1 0) into (2.8) yields a closed-loop system 
described by the following state space global model, 

m 

x(t+ 1) = (LJ.li~ )x(t)+G(J.l,t)gr(t) (4.12a) 
1=1 

y(t) = H(J.l,t)x(t) (4.12b) 
where 

~ = F{- G1K(J.l(t)) 
r(t)=r(t)-D 

(4.13) 
(4.14) 

It can be seen that (4.12) has a similar form as (4.3), and 
a similar approach can be used here to derive the stability 
condition. Thus, the closed-loop system (4.12) is 
asymptotically stable if Ao is Schur stable and 

m 

ttJ.l'll~ -Aoll2 < <IIAoll~ + ll~b )"2 -11Aoll2 (4.15) 

Because 
m m m 

11.41- Aoll2 = LlltAt-LJ.ltB/Kk-LlltAo 
k=1 k=1 k=1 2 ( 4.16) 

m 

~ I.~klltt;k -Aoll2 
k=l 

Substituting (4.16) into (4.15), we can obtain the 
following theorem. 

Theorem 4.2: The fuzzy system in ( 4.12) is asymptotically 
stable if Ao is Schur stable and 

I ~~Jlillklltt;k -Aot < <IIAoll~ + ll~b )1'
2 -11Aoll2 .(4.17) 

4.3 Forward controller design 
After determining the state feedback control law, the 

steady closed-loop system is 
y(t) = HB(t)gr(t) (4.18) 

where 
B(1)=(l-A)-1G (4.19) 

Let 
g=(HB(l)f1 

we have 
y(t) = r(t) 

(4.20) 

(4.21) 
Thus, the closed-loop system (4.18) does not have any 
steady state error. 

For the above design method, we need to know the 
values of the Jl1 's. In most cases the Jl1 's depend on u(t). 
If J..L1 's do not depend on u(t), they can be determined at 
any time t, thus we can use the control law (4.10). But if 
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the J.1.1 's depend on u(t), we need an approach to 
determine them. 

First, we can calculate m control laws by 
u1(t)=-K1x1+g (r(t)-D) 
l = 1,2, .... ,m 

(4.22) 

then, substitute the control laws into the membership 
functionsJ.L(z(t)), and let~;= m~(~;(z/(t)),i = l, ..... m) 

I 

and k* = argmax(~; ,/ = l, ..... m), where 
I 

z/(t) = (y(t), ... , y(t- n + 1),u1(t), u(t -1), ... , u(t- n + 1)). 

Then, this uk, (t) is chosen as u(t) at the timet. Thus, if 
the J.1.1 's depend on u(t), we can only use the switching 
control law (4.22) and use Theorem 4.1 to check the 
stability of the closed-loop system. 

The procedure of the above fuzzy controller design 
method can be summarized as follows, 
Step 1: Design a controller for every subsystem by any 
method in linear control theory, for example, state 
feedback control, optimal linear system control , etc. 
Step 2: Calculate Mk, which is defined in (A2.2) of 
Appendix 2, for each Kk, k = 1, 2, ..... , m, then, check 
the global stability condition, for example, the inequality 
in (4.8). If the stability condition is satisfied the control 
law obtained from Step 1 is a good control law, otherwise 
repeat Step 1 to get a new control Jaw. 
Step 3: Choose g to get good steady state behaviour of the 
closed-loop fuzzy system. 

The control law (4.22) is a state feedback control law, it 
requires that the state variables at time t must be known. 
So we need a state observer to obtain the estimation of x(t) 
which will be discussed next. 

4.4 Observer design 
The proposed full-dimensional state observer for (2.8) is 

described by 
x(t) = Fx(t-l) +Gu(t-1) + L(y(t-1)- Hx(t-1)) (4.23) 
where 

m 

L = L~tl1 (4.24) 
l=l 

Denoting the difference (error) between the actual and 
observed state by 

x(t)=x(t)-x(t), (4.25) 
then x(t) satisfies 

x(t)=(F-LH)x(t-1), (4.26) 
that is 

m 

x(t+ l) =<L~1A01 )x(t) (4.27) 
l=l 

where, 
Aol = Fi -J1H ( 4.28) 

We define the mean matrix of Ao l = 1,2, ..... ,m as 
follows 

- 1 m-
Ao = -I A,/ c 4.29) 

m l=l 
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or define one of the A01 , l = 1, 2, ..... , m, for example, Aoj 

as the Ao· 
If ~ is Schur stable , there exist llo and a symmetric 
positive definite matrix P01 , which is the unique solution 
of the Lyapunov equation, 

-T -A0 P.,A0 - P0 +1'j0 / = 0 (4.30) 
Note that (4.27) has a similar form as (4.3), and a 

similar approach can be used here to derive the stability 
condition. The following result, which is applicable to 
(4.27), is the counterpart of Theorem 4.1, and can be 
proved in a similar way. 

Theorem 4.3: The observer error system in (4.27) is 
asymptotically stable if Ao is Schur stable and 

Let 
Io =maxCj]i\o-~]]2 ,1= 1,2, ..... ,m) 

We can get the following more compact result. 
m 

Corollary 4.2: If L~1 = 1, the observer error system in 
/=1 

( 4.27) is asymptotically stable, if Ao is Schur stable and 

Io < (~~~~~~ + ~~~~~2 i'
2 -~~~~~2 · (4.32) 

5. Example 
The identification method discussed in section 3 can be 

employed to obtain the ITh1 for the following example 
with only input and output data. The detail of 
identification is omitted since we are more interested in 
the controller design method discussed in section 4. The 
interested reader can see the details in [1] [2]. 
The system is given as: 

R1
: IF y(t) belongs to region 1 

TIIEN 
y(t+l) = 2.178y(t)- 0.588y(t-1) +0.632u(t) 

R2
: IF y(t) belongs to region 2 (5.1) 

TIIEN 
y(t+ 1) = 2.256y(t)-0.36ly(t-1) + 1.12<U(t) 

where the CBFs for region I and region 2 are given below 
respectively, 

~I (y(t)) =~I (y(t)) I (~I (y(t)) + ~2 (y(t))) 
~2 (y(t)) = ~2 (y(t)) I (jii (y(t)) + ~2 (y(t))), 

with 
~1 (y(t)) = 1-11 (1 +exp( -2(y(t) -0.3))) 
~2 (y(t)) = 11 (1 +exp( -2(y(t)-0.3))) 

The HM (5.1) can be denoted by 
(q+a1 (~(t))+~(~(t))q-

1 )y(t) = b1 (~(t))u(t) 
where 

~ (J..t(t)) = -(2.178~1 (t)+ 2. 256~2(t)) 
~ (~(t)) = 0.588~1 (t)+0.361~2 {t)) 

(5.2) 

Spring 1995 



62 

q (11(t)) = 0. 632111 (t )+ 1.120112 (t) 
Eqn.(5.1) can be transformed to the following state 

spaceHM 

where 

2 2 

x(t+l)= LJ1.1A1x(t)+ LI11B1u(t) 
1=1 1=1 

y(t) = Cx(t) 

[
0 2.178] 

AI = 1 -0.588 , 

(5.3) 

(5.4) 

A2=[~ :~::1]. ~=[1~2]. C=[O,l] 

The closed-loop characteristic polynomials are chosen as 
a(q)=a1(q)=a2(q) 
a(q) = q-0.2+0.01-z-1 

Using the pole placement algorithm, we obtain the 
following feedback gains 

K1 = [2.4529, -0.4350] 
K2 = [1.8883, -0.1342] 

and we can also determine 

Ao = [ -0.~535 -0.: 768] 

IIM1JI2 = 0.049~ IIM21112 = 0. 7184 

11Mdl2 = 0.619Q 11Md2 = 0.0493 

Mlk =A,k-Ao 
<IIAoll~ + 

11
;

1
b )"

2 
-11Aoll2= o.2156 

It then can be verified that 
2 1 

LJltiiM,III <-(0.0493t0.5x0. 7184) = 0.20 
1=1 2 

(Because, when J1.1 ~ Jl2,Jl2 S 0.5) 
2 1 
LJlriiM,2~ < -(0.0493t0.5x0.62) =0.18 
1=1 2 

(Because, when 112 ~ Jl1, 111 S 0. 5) 
Thus, with 11 chosen to be 1, the condition of (4.8) in 
Theorem 4.1 holds, and the closed-loop fuzzy system is 
asymptotically stable. The unit step response of the 
closed-loop system is as shown in Fig. 1. 

2,---.----.----~---r----~--~ 

~ 
y(t) 

0 \ 
I u(t) 

·1 l 

·2 
0 5 10 15 25 ll 

Fig. 1 Step response of the closed loop system 
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6. Conclusions 
We have proposed a new kind of model called an 

heterogeneous model and given an identification method 
to obtain the HM for a complex system. A new method is 
proposed to design a controller based on the HM. The 
method uses results from linear system theory. This paper 
also shows a possible way to develop a system theory 
based on HM. 

Appendix 1: Relationship of equations 
(2.8) and (2.9). 

Let Z = set of integers and R = field of real numbers, let 
M denote the R-linear space of all functions from Z into 
R. Note a/J..l(t)),b/J..l(t)) EM. With the operations of 
pointwise addition and pointwise multiplication, we see 
that M is a commutative ring with identity 1, where 1(t) = 
1 for all tE Z. Let q denote the shift operator on M 
defined by 

qa(t) = a(t + 1) 

q-1 (a(t)) = a{t-1) 

(Al.la) 
(Al.lb) 

Since the shift operator q is a ring automorphism on M, 
the ring M is called a difference ring. 

Let E[ q -1 
] denote the set of all polynomials of the 

form 
n 

A(q-1)= Laiq-i (Al.2) 
i=O 

The degree of A, denoted by deg A, is the largest integer i 
such that a; :t:. 0 . If a0 = 1 , A is said to be manic. 

Using the shift operator , the HM (2.9) can be denoted 
by the following polynomial representation, 

A(q-1,t)y(t) = B(q-1 ,t)u(t) (Al.3) 
n-1 n-1 

A(q-1 ,t) = q+ La;(Jl(t))q-i B(q-1 ,t) = Lh;(Jl(t))q-i 
i=O i=O 

Definition Al.l: Let E be a fixed difference subring (i.e. 
q(E) = E ) of M containing 1. The single-input single-
output n-dimensional state space representation of HM 
over E is a triple L = (F, G, H) of matrices over E where 
F is n X n, G is n X 1 , and H is 1 X n. The state space 
equations are 

x(t + 1) = F(11,t)x(t)+ G(Jl.,t)u(t) 
y(t) = H(Jl,t)x(t) 

(A1.4a) 
(Al.4b) 

Later we will show that the state space realization (F, G, 
H) of HM depends on the CBF at different times, so we 
denote (F, G, H) by a function of J..l and time t. 

The state transition matrix of HM (Al.3) is the n X n 
matrix function Cl>(i, j) defined by 

. . lF(11,i)F(Jl, i -1)· · · F(Jl,j), ~ > ~ 
Cl>(l,J)= I z=;. 

not defined i < j 
(Al.5) 
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Let the state space equations be in observable companion 
form 

l
o ... 0 -an(J.L(t+n-1)) l 
1 ··· 0 -an_1(J.L(t+n-2)) 

F(J.L,t)=: : : : 
• • • a 

0 1 -a1(J.L(t)) 

[

bn(J.l.(t+n-1)) 1 
_ bn_1(J.l.{t+n-2)) 

G(J.l.,t)- . 

~ (J.!(t)) 
H(J.L,t) = [0, 0, .............. ,1]. 
define Q by 

Q [ -n+i -1 1] = q , ..... ,q ' . 

(Al.6) 

( Al.7) 
Proposition Al.l: [2] HM: L = (F, G, H) in (A1.4) is a 

realization of (Al.3), that is 
H(qi-F)-1G=K1B 

Note here 
n-I 

A(q-1 ,t) = q+ L:a;(J.l.(t))q-i 
i=O 

n-i 
B(q-I ,t) = Lb;(J.L(t))q-i 

i=O 

So we have 
y(t) = H(qi- F)-1 Gu(t) = A-1Bu(t) 

(Al.8) 

In the following discussion we often use the above form to 
denote the HM in (A 1.3 ). 

We call A -I B the left transfer function representation of 
HM: (Al.3). A dual result, analogous to (Al.8), can be 
readily established by considering any right transfer 

---1 
function representation BA of HM: (Al.3). 

Appendix 2: Proof of Theorem 4.1. 

Define the Lyapunov function as V (x) = xT P x, where P 
is the solution of the Lyapunov equation (4.7) and let 
r(t) = 0 in (4.3). Then, 

.1. V = V (x(t + 1))-V (x(t)) 
= xT (t)(AJ'P Ao -P)x(t)+xT (t)(.M[PAo +AJ'P.Mk +.M[N!.Ak)x(t) 

=-xT (t)'Tllx(t)+xT(t)(M{PAo +AJ"PMk +M{PMk)x(t) 
(A2.1) 

m 

where since L J.L1 = 1, 
1=1 

m m 

Mk = LJ.LIA;k -Ao = LJ.LI(A;k -Ao) 
/=1 1=1 

(A2.2) 

If .1. V is negative, the fuzzy system in (4.3) is 
asymptotically stable. 
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'J...(M[PAo +AJ"PMk +M[P~) < ll (A2.3) 
We use the fact that for any square matrix X, 
'J...(X) ~ IIXII2. Therefore, to show (A2.3) holds, it suffices 
to show that 

I! M[ PAo + Al PMk +M[ PMkll2 

< C2jJMtii211Aoii2 +iiMkii~)IIPII2 (A2.4) 

<11 
that is, 

2JIMtii2IIAoll2 +IIMkll~ < ll~b (A2.5) 

Consider the quadratic equation 

')..
2 +211Aoll2t..-ll~b = 0, (A2.6) 

The largest root of (A2.6) is 

t..max = <IIAoll~ + ll~b )112 
-11Aoll2. (A2.7) 

The smallest root of (A2.6) is 

t..min = -<IIAoll~ + 11~12 i'
2 

-11Aoll2 < o. CA2.8) 

·By the condition ( 4.8) and (A2.8), we have 
')..min < IIMtll2 < ')..max (A2.9) 

Therefore, we have (A2.5). This completes the proof of 
the theorem. Q.E.D. 
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